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Teaching and Learning Hyperbolic Functions (III); ,,/ntegral’ Properties And
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Teodor Dumitru Vilcan!

Abstract:

In two recent papers with the same generic name as this one and numbered with (I), respectively (II), I
presented the definitions, the consequences immediate resulting from these and a series of 92 properties
of hypetrbolic functions, properties that we divided into seven groups, as follows: A) "Trigonometric"
properties - nine properties; B) The derivatives of hyperbolic functions - six properties; C) The primitives
(indefinite integrals) of hyperbolic functions - six properties; D) The monotony and the invertibility of
hyperbolic functions - 17 properties; E) Other properties "#rigonometric" - 42 properties; F) Immediate
properties of the inverse of hyperbolic functions - six properties and G) The derivatives of the inverse of
hyperbolic functions - six properties. In this paper we will continue this approach and will present and
prove another 36 properties of these functions, properties that we will divide into three groups, as
tollows: H) Properties ,,integral’ and rewithrrence formulas - 11 properties; I) Relations between the
inverse of hyperbolic functions - five properties and K) Relations between the hyperbolic functions and
the inverses of other hyperbolic functions - 20 properties.

Key words: hyperbolic sine, hyperbolic cosine, hyperbolic tangent, hyperbolic cotangent, hyperbolic
secant, hyperbolic cosecant.

1. Introduction

As part of a larger project entitled "Training and developing the competences of children, students and teachers to solve
problems | exercises in Mathematics", in two recent papers with the same generic name as this one and numbered
with (I), respectively (II), I presented the definitions, the consequences immediate resulting from these and a
series of 38 properties of hyperbolic functions, properties that we divided into four groups, as follows: A)
"Trigonometric" propetties - nine properties; B) The detivatives of hypetbolic functions - six propetties; C) The
primitives (indefinite integrals) of hyperbolic functions — six properties and D) The monotony and the
invertibility of hyperbolic functions - 17 properties. That in paper (I). In paper (II) I continued this approach and
I presented another 54 properties of these functions, properties that have divided into three groups, as follows:
E) Other propetties "trigonometric" - 42 properties; F) Immediate propetties of the inverse of hyperbolic functions
— six properties and G) The derivatives of the inverse of hyperbolic functions - six properties. In this paper we
will continue this approach and will present and prove another 36 properties of these functions, properties that
we will divide into three groups, as follows: H) Properties ,,zntegral” and rewithrrence formulas - 11 properties; I)
Relations between the inverse of hyperbolic functions - five properties and K) Relations between the hyperbolic
functions and the inverses of other hyperbolic functions - 20 properties.

That is why I ask the reader attentive and interested in these matters to consider this work as a
continuation of the two works mentioned above. In this regard we will keep the numbering of the results, thus,
the results numbered with (2.1) to (2.16), respectively (3.1) to (3.30) are from work (I) - i.e. (Vilcan, 2016), and

those numbered with (4.1) to (4.54") are from work (II) — i.e. (Vilcan, 2019).

These properties, as well as others that we will present and prove later, will be used in various
applications in Algebra or Mathematical Analysis.

2. The main results

We present and prove here the 36 properties of the hyperbolic functions, mentioned above.
Proposition: The following statements hold:
. Properties ,,integral” and rewithrrence formulas
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[ (thx) (-2 5 )
7) For every x €R" and every n€ N, with n>2, if:

@zj(cthx)” Jdx,
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cthx)?™" - dx =/fshsd- > — -(cthx)+C.
[ (cthx) s 3oy 19

8) For every x€R" and every n €N, with n>2, if
m:I(cshx)“ -dx,

then:
1 chx n-2
(- (shx)™ n—1 e
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18) For every xe(-1,1),
X
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33) For every x €(-00,-1)(1,+00),

and, for every x €(0,1), if schx>0,

1 r
cth(eh )= . (5.37) cth(scl! )= (5.39")
X’ —1 1-x*
34) For every xe(-1,1), 36) For every x €(-00,0),
1 1 = 2
cth(thx)=—. (5.38) cthesh;” x)= X" +1 (5.40)
X and, for every x €(0,+0c0),
P ey 01, s =X 41 (540
cth(schx)=- (5.39)

1-x’
Proof 1) For every xeR’, the equality (5.1) follows from the equalities (3.21) and (4.9).
2) For every xeR and every neN", let be:
o= [ (shx)" - x,
then, according to the equalities (3.11) and (3.1), obtain the equalities:
A) o= j (shx)" -dx = j shx-(shx)"™" -dx = j (chx)’ - (shx)"" - dx

=chx-(shx)!- j chx-(sh"™'x)"-dx =chx-(shx)»1-(n-1)- j chx- (shx)"* -chx-dx
=chx-(shx)*-(n-1): j (shx)" -ch®x - dx =chx-(shx)™1-(n-1)- j (shx)" - (1+sh ) - dx
=chx-(shx)*-(n-1): j (shx)" - dx ~(n-1)- j (shx)" - dx

=chx-(shx)»1-(n-1)-Oln2-(-1)-Aln.
Retaining the ends of the equalities (1), obtain that:
no,=chx-(shx)™!-(n-1)-0l-2,
whence it follows that:
n-1

1
0= — -(shx)»!-chx- “Oln-2;
n

therefore the equalities (5.2) and (5.2") hold. Furthermore, according to the equality (3.11), for every xeR and
every neN", obtain that:

() (12n+1:'|.(ShX)2n+1 -dx :I(shx)zn -shx-dx = j(shzx)n -shx - dx

= [len®x—1)" -(chx)"-dx .

Making the change of variable:
chx=y, then:
and must calculate the integral:

(3) o I2n+1 = J‘(yz _1)I"I dy = Ji(_l)k Cﬁ .yZn—Zk.dy: i(_1)k Cﬁ ‘J‘yZI']ka . dy
k=0 k=0
k

. C
= Z (-1) ko ~n 22kt 4C,
k=0 2n -2k +1

shx-dx=dy

Returning to the old vatiable, from the equalities (2) and (3), obtain the equality (5.2").
3) For every xeR and every neN", let be:

Ba= j (chx)" -dx
then, according to the equalities (3.10) and (3.1), obtain the equalities:
Q) B.= j (chx)" -dx = j chx-(chx)"™" -dx = j (shx)’- (chx)"™" - dx

=shx(ch)e - [ shx-[(X)" ']+ d =shx:(chx)e1-(n-1)- [ shx- (chx)" -shx-x

=shx-(chx)™-(n-1): j (chx)"2 -sh*x - dx =shx-(chx)"1-(n-1)- J’ (chx)"2 - (ch*x —1)-dx

9
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:ﬂm«m@wtm4)j@mo”ux+@4)j@mom2@x

=shx-(chx)"!-(n-1)-Bat(n-1)-PBa.
Retaining the ends of the equalities (1), obtain that:
nfs=shx:(chx)r1+(n-1)-Bu2,
whence it follows that:
-1

'Bn-Z;

therefore the equalites (5.3) and (5.3") hold. Furthermore, according to the same equalities (3.10) and (3.1),
for every xeR and every neN", obtain that:

() l32n+1=J.(chx)2“+1 -dx :I(chx)Z” -chx-dx :j(chzx)n -chx-dx

1 n
Bn=— (chx)»!-shx+
n

= [lonx+1)" - (shx)"-ax .

Making the change of variable:
shx=y, then: chx-dx=dy
and must calculate the integral:

@) Bl =[bv2+1) -ty = IZCK oy = ek [y ay
k=0

Z y2n2kt14C,
k02n ket

Returning to the old vatiable, from the equalities (2) and (3), obtain the equality (5.3").
4) For every xeR and every m, neN’, if:

An= J. (shx)" - (chx)*™" -dx ,
then, according to the equality (3.1):
(W 7= [ (Shx)" - (chx) ™" - = [ (shx)" - (chx) ™™ - chix-dlx

:j(shx)“ -(+sh?x)™ -chx-dx .

Making the change of variable:
shx=y, then: chx-dx=dy
and must calculate the integral:

2) X‘2n+1:jyn ,(yZ +1)m _dy:Iyn _iCEyZm—zk -dy :ica _J.yn+2m—2k dy
k=0 k=0

m
z ynt2m 214 C,
=~ n+2m- 2k+1

Returning to the old variable, from the equalities (1) and (2), obtain the equality (5.4).
5) For every xeR and every m, neN’, if:

8u= j (shx)2™" . (chx)™ - dx
then, according to the equality (3.1):
(W 8,= [ (shx)™" ()™ ok = [ (shx)*" - (chx)™ -shx-dix
:j(chx)m -(ch?x—1)" -shx-dx .

Making the change of variable:
chx=y, then: shx-dx=dy
and must calculate the integral:

2) S'ZHH:J'ym ,(yz _1)" ,dy:J‘ym ,Zn:(_1)k LCKLy2k gy :Zn:(_l)k .ck _J'ym+2n—2k dy
k=0 k=0
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m Ck
= Z (1)< ———=M  yme2acti4C
— m+2n—2k+1

Returning to the old variable, from the equalities (1) and (2), obtain the equality (5.5).
6) For every xeR and every neN, with n=2, if:
&= [ (th)" -ox,
then, according to the equalities (4.21) and (3.12), obtain that:
) SHZI(thX)" -dx :j(thx)H -th?x-dx :-I(thx)”’z -(1—th*x—1)-dx

:_j(thx)“-2 -(1—th*x)-dx +J’(thx)"-2 -dx :_j(thx)”-2 -(thX)"-dX +&ns2

1
=-—— (thx)»+eq.
—— () 2
Therefore, for every xeR and every neN, with n>2, the equalities (5.6) and (5.6") hold. Furthermore, from
the equality (5.0), it follows that:

€2n-E2n-2=~ -(thx)20-1]
2n-1

€20-2-€20-4=- (thx)203

1
€4-6=- — -th3x,

3
€2-€9=-thx.

By summing, member with member, of these equalities, taking into account the fact that:

E0= jdX :X+C,

obtain that:
n

1
€2n=X- Z -(thx)214+-C;
—' 2k -1

i.e. the equality (5.6") holds. Proceeding analogously, also from the equality (5.6), obtain that:

1
€20+1-E20.1=- — *(thx)?n,
2n

(thx)20-2,

€2n-1-€2n-3=-

2n-2

1
€3-€1=- — -th2x.
2

Also in this case, by summing, member with member, of these equalities, taking into account the fact that,
according to the equality (3.18):

&= j thx-dx =In(chx)x+C,

we obtain that:
n
1
€m+1=In(chx)- » — -(thx)2+C;
2nt1=10(chx) k§=12k (thx)

i.e. the equality (5.6"") hlods also.
7) For every xeR" and every neN, with n>2, if:
o= j (cthX)" -dx ,
then, according to the equalities (4.22) and (3.13), obtain that:
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¢n:j(cthx)" -dx :I(cthx)”’z .cth?x -dx :-I(cthx)”’z -(1—cth®x—1)-dx
= j (cthX)"2 - (1—cth®x)-dx + j (cthX)"2 - dx =- j (cthX) " - (cthX)" - dX +u+2

1
=- -(cthx)* 1+ ¢n-2.
() fnz

Therefore, for every xeR" and every neN, with n>2, the equalities (5.7) and (5.7") hold. Furthermore, from
the equality (5.7), it follows that:

n-Q2n-2=- -(cthx 2n—1’
Paronz=o o T
n-2-0ona=- -(cthx 2n-3,
$20-2-(2n-a 3 (
1
$a-Go=-— -cth’x,
¢2—¢0:—Cthx.
By summing, member with member, of these equalities, taking into account the fact that:
¢0: IdX =x+C,

obtain that:
n

1
$on=x- Z k1 -(cthx)?<1+C;

k=1

i.e. the equality (5.7") holds. Proceeding analogously, again from din the equality (5.7), obtain that:

1
nt1-P2n1=- — - (cthx)2n,
oot 1-O201 o (cthx)

-(cthx)2-2,

ds-or=- % cth?x
Also in this case, by summing, member with member, of these equalities, taking into account the fact that,
according to the equality (3.19):
e j cthx- dx =ln|shx|+C,
we obtain that:
o1
$2n+1=In|shx|- kZ::‘ K -(cthx)2+C;

i.e. the equality (5.7"") holds also.
8) For every xeR" and every neN, with si n>2, if:

nn:j(cshx)n -dx,

then, according to the equalities (2.6) and (3.1), we have the equalities:

2 2 2
€)) nn:'f(cshx)”-dx:j ! - -dx:jw-dx:j ch Xn -dx-I%-dx
(shx) (shx) (shx) (shx)
2
:J- ch*x dX M
(shx)"

Now, according to the equality (3.10), calculating by parts, integral below, obtain that:
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(shx) (shx)"
_ 1 chx 4 1 _[ shx dx = 1 chx N 1 J' 1 dx
n-1 (shx)"* n-1 J (shx)" n-1 (shx)"" n-1J (shx)"
_ L _chx 1 .
n-1 (shx)"" n-1
From the equalities (1) and (2), it follows that:

1 chx n-2
n-1 (shx)™" n-1
ie, for every xeR" and every neN, with n>2, the equalities (5.8) and (5.8") hold. Furthermore, for every
xeR" and every neN, with n>2

3) nan—J.(cshx)Z”+1 dx = I

_ J‘ (chx)”
(ch*x —1)™!
By carrying out the change of variable:
chx=y, then: (chx)'-dx=dy
and the integral (3) becomes:

1
4 4 = . dX
( ) n2n+1 I(yz _1)n+1
1f:

2) n;:I chzxn -dx:I chx -chx-dx:j[—L-;} -chx-dx

Nn=- MNn-2,

shx (chx)’
- . dx=]—-dx=|——" .
( h )2n+l J.(ShX)ZrHZ (Sh ZX) n+1

n+1 n+1 B
k

G) oy —Z >

1) = (y+D"

is decomposltlon in slmple fractions of expression under integral M), ,,, then, from the equality (4), it follows
that:

n+1

+B 1 1
(6) M)y =Arlnly-1+ByIny+1)- k ~ Kk { — + - }c
Z k=1 [ (y-D" (y+1)**

Now, from the equalities (3) and (6), obtain the equality (5.8").
9) For every xeR and every neN, with n>2, if:

Aa= j(schx)” Jdx

then, according to the equalities (2.5) and (3.1), we have the equalities:

2y o2 2
) xnzj’(schx)“.dxzj ! :J‘M-dx:.f;z-dx-_[ Sh™X_ i«
(chx)" (chx)" (chx)"~ (chx)"
2
:kn,z—J. sh™x -dx
(chx)"
Now, according to the equality (3.11), calculating by parts, integral below, obtain that:
J.Sh X . —J. shx .th.dxzj. _L;l -shx - dx
( chx)" (chx)" n—-1 (chx)"”
_ shx +1 J- chxldX:_1 ' ShX1+l J~ 1 dx
n-1 (chx)IH n—1 7 (chx)"™ n—1 (chx)™ n-1 J(chx)"?

1 shx 1
= . + '7\-ﬂn-2-
n-1 (chx)"" n-1
From the equalities (1) and (2), it follows that:
1 shx Ln-2

n-1 (chx)”] n-1

n-2,
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i.e., for every xeR" and every neN, with n>2, the equalities (5.9) and (5.9") hold.
10) For every xeR”, let be:
o= J‘ (ChX)
(shx)™
where m, neN, m>2 and n>2. First we observe that, for every xeR" and every m, neN, with m>2 and n>2,
according to the equality (3.1),
() e (chx)" -ch®x dx = J» (chx)"™ - (1+sh*x) dx

b

(shx)™ (shx)™
_ J-[(chx)“‘z . (chx)":z } IV (chx)”:2 i
(shx)™  (shx)™> (shx)™ (shx)™>

= “n-Z,m+ Mn—Z,m-Z-
Now, because:

® {(chx)”* } _ (n=1)-(chX)" -shx  (shx)™" —(m—1)- (chx)"" - chx- (shx)™

(shx)™" (shx)>™?
n-2
o S 2
integration by parts the equality (2), and taking into account the equality (1), obtain that:
(chx)"™! (1) (chx)"* i -(m-1) (chx)"
(shx)™" (shx)™ (shx)™
= (01) Mo 2201l =011 (ot 20)-(1-1)-
=(0-m)Hom-(0-1) Ho-2.m.

From the equality (3) it follows, immediately, the equalities (5.10), respective (5.10"). On the other hand,
according to the equalities (3.13) and (3.1), integration by parts, obtain that:

3

e I (chx)" (Chx)n_ g = [ X" - (~cthx)' - dx

)™ (shx)™? sh’x (shx)™
(chx)" cthx+j{—(ChX)n } -cthx- dx
 (shx)™ (shx)™?

_ (chx)"il .\ I n-(chx)"" -shx - (shx)™> —(th)-(Chx)” chx: ()™
(shx)™" (shx)*™*
_ (eh™ | n-(chx)™ (m-2)-(chx)™ | chx
 (shx)™ (shx)™ (shx)™! shx
(Chx)n+l (ChX) (Chx)n+2 .
T | 2 L nr >
(Chx)r:“l . (chxzkZ i (m.2) (chx)" - (1 -'r-n sh?x) - dx
(shx) (shx) (shx)

O s [y [
(shx) (shx) (shx)"™

_ (ChX)nH

+ n'm+2 '“n,m—Z‘ m'2 '“n,m;
(sh)™ ( ) (m-2)
whence it follows that the equalities (5.11), respective (5.11") hold. Finally, from the equality (3.10), using
(also) integration by parts, obtain:
(chx)™ (chx)™™"

n-1
Unm= -dx = -chx-dx = (chx)
(shx)™ (shx)™ (shx)™

-(shx)"-dx
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_ (ch)™! J~ (n—1)-(chx)"* -shx - (shx)™ —m - (chx)"™" - chx- (shx)™"
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= M -shx- I{M} .shx - dx

(shx)™

-shx - dx
(shx)™" (shx)>™
_ (ch)™! I (n—=1)-(chx)"™* m-(chx)" dx
(shx)™" (shx)™2 (shx)™
_ (chx)™! (1) (chx)"? X 4 (chx)"
(shx)™! (shx)™> (shx)™
_ (ch)™!

(shx)™" ~(0-1) Mo 2m 2t mHm;

whence it follows that the equalities (5.12), respective (5.12") hold.
11) For every xR, let be:

O I (shx)™

>

(chx)"

where m, neN, m>2 and n=2. First we observe that, for every xeR and every m, neN, with m>2 and n>2,
According to the equality (3.1),

) Oma= j

(shx)™* -sh*x dx:J.(ShX)m_Z'(Chzx_l)-dx
(chx)"

(chx)"

(chx)"?  (chx)"

_ I[(th)”” _ (th)“} (™2 ™

(chx)"? (chx)"

:em—Z,n—Z‘em—Z,n-
Now, because:

, _ (m=1)-(shx)™* -chx- (chx)"™" —(n —1)-(shx)™" -shx- (chx)" ™

(shx)™!
@ { (chx)"™!

=(m-1)-

(chx)*™

(shx)™ (1) (shx)™
(chx)"* (chx)"

integration the equality (2), and taking into account the equality (1), obtain that:

(shx)™

) =(m-1

(chx)™

(™2 (shx)
| gz & I

=(m-1)-Bm2n2-(0-1)-Om=(m-1)- (Gm,n+Gm,z,n)—(n—l)~9m,n

=(m-n)-Omat(m-1)-Om2.
From the equality (3) it follows, immediately, the equalities (5.13), respective (5.13"). On the other hand,
according to the equalities (3.12) and (3.1), integration by parts, obtain that:

m)

(shx)™ ik = (shx)" 1 ik = (shx)™

= ~ = — - (thx)"-dx
(chx)" (chx)"* ch®x (chx)"*
(shx) hx J{ (shx)™ } - thx. dx
T (chx)™? (chx)"2

-thx-dx

_ (shx)™ J~ m-(shx)™" -chx- (chx)"* —(n—2) - (shx)™ - shx - (chx)"~

(chx)™! (chx)*™*

_ ™ I[m-(shx)“” _(n-2)- (™ J.Sh_x-dx
ch

(chx)"™" (chx)" (chx)"™ X
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_ (shx)mi1 - (shx)“_1 X +(0.2) (shx)™* i
(chx)"™ (chx)"2 (chx)"
_ (shx)"‘i1 mj (shx)“_1 X +(0.2) I(ShX) -(ch*x—1) dx
(chx)"™ (chx)"2 (chx)"
:(shx)mjl e [0 o [Ty o, [0
(chx)"™ (chx)"2 (chx)" (chx)" 2
:(shx)mtl (mnt2) (shx)”_1 X (0.2 (shx)™
(chx)"™ (chx)"2 (chx)"
_ (th)m+1

()™ -(m-n+2)-Om n2-(0-2)- O 5

whence it follows that the equalities (5.14), respective (5.14") hold. Finally, from the equality (3.11), using
(also) integration by parts, obtain:

:J-(shx) J-(shx)“” = J-(shx)”” - (chx)' - dx
" (chx" (chx)" (chx)"
:M ChX_J.|:Mj| .chx-dx
(chx)" (chx)"
_ (shx)™" _J-(m—l)-(shx)m‘2 -chx-(chx)" —n-(shx)™" -shx- (chx)"™ chx. dx
(chx)™ (chx)>"
_ (shq)™" I (m-1)-(shx)™* n-(shx)" dx
(chx)"™" (chx)™2 (chx)"
N ARG NGO
(chx)"! (shx)"? (chx)"
_ (sh)™"

(Ch X) n-1 -(m-1) 'em’zﬁ’z—’_n' 9m,n;

whence it follows that the equalities (5.15), respective (5.15") hold.
12) According to the equalities (3.22) and (3.29), for every x&(-00,0):

sh- (lj =In (l T l} :ln[l ’ E} :ln[l : @J

X x Vx X || X X
1—vx? +1
=ln| ——
X
— -1
=csh; x;

so, the equalities (5.16) and (by default!) (5.16") hold.
13) According to the equalities (3.22) and (3.30), for every x€(0,+00):

1 1 1 1 x?+1 1 x?+1
sh!| — |=ln| —+ [—+1 |=ln| —+——— |=ln| -+ ———
X x Vx X || X X
RRE Vx* +1
—_ n —_—_—
X
=csh,'x;
so, the equalities (5.17) and (by default!) (5.17") hold.
14) According to the equalities (3.23) and (3.27), for every x€(0,1),
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1 1 1 1-x? 1 1-x?
ch;’ (lj:ln ——|—-1|7ln| =———— |=ln| —-
X x Vx X | X X

1
so the equalities (5.18) and (by default!) (5.18") hold, because, in this case, — €(1,+o).
X

15) According to the equalities (3.24) and (3.28), for every x€(0,1),

(1 1 1 1 N1=-x? 1 J1-x°

ch3' [ = |=ln| =+ | —1 |=ln| —+ " |=ln| —+ "
X x Vx X || X X

- [H\/l—xz]

_n —

X

=sch ;l X;
so, the equalities (5.19) and (by default!) (5.19") hold.
16) According to the equalities (3.25) and (3.26"), for every xe(-00,-1)\U(1,+00):

1

1+
th-l l :lln X :llnx__'_l
X 2 1 2 X—1

1
X
=cth!(x);
so, the equalities (5.20") and (by default!) (5.20) hold, because, in this case, xe(-1,1)\{0}.
17) According to the equalities (3.1) and (3.23), for every xe(1,+00),
(1) ch2(ch;'x)-sh*(ch;' x)=1,
Le.
(2) x2-sh?(ch;' x)=1.
From the equality (2), according to Proposition 3.1, point 25), obtain the equality (5.21). In an analogous
manner, according to the equalities (3.1) and (3.24), for every xe[1,+0),
(3) ch?(ch;' x)-sh2(ch;' x)=1,
Le.
(4) x2-sh2(ch;, x)=1.
From the equality (4), according to Proposition 3.1, point 26), obtain the equality (5.21").
18) According to the equalities (4.21) and (3.1), for every xe(-1,1),
1
ch?(th™x)
_ 1
C1+sh’(th'x)’

1) 1-th%(th'x)=

ie.

5

(2) 1+sh(thix)= 1 !

From the equality (2), it follows that:
2

sh?(th1x)= ——,

whence obtain the equality (5.22).
19) According to the equality (4.22"), for every xe(-0,-1),
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1

1) sh(cthiy)y=————
(B e et ) 1

Le.
1
(2) sh(cthx)=——.
X" =1
From the equality (2), according to Proposition 3.1, point 30), obtain the equality (5.23), and according to
Proposition 3.1, point 31), obtain the equality (5.23").

20) According to the equalities (3.1) and (4.21") (ot to the equality (2.5)), for every x€(0,1),
1
1) ch’(sch''x)=—5———,
sch?(sch™'x)
Le.
2) 1+sh?(schx)= !
(2) 1+sh?(sch'x)= X_2

From the equality (2), according to Proposition 3.1, point 34) and to the equality (2.1), obtain the equality
(5.24), and, according to Proposition 3.1, point 35) and the same equality (2.1), obtain the equality (5.24").
21) According to the equality (4.22") or to the equality (2.0), for every x € (-00,0),

1
1) sh2(csh;'x)=——
(1) sh¥esh =) csh?(csh;'x)
1

whence, according to Proposition 3.1, point 37) and to the equality (2.1), obtain the equality (5.25), and,
according to Proposition 3.1, point 38) and the same equality (2.1), obtain the equality (5.25").
22) According to the equality (3.1), for every xeR, we have:
(1) ch?(sh'x)=1+sh?(sh'x),
Le.
(2) ch?(sh'x)=1+x2
From the equality (2), obtain the equality (5.26).
23) According to the first equality from (4.21), for every xe(-1,1), we have:
1
1—th*(th™'x)
1
1-x*
From the equality (1) and Definition 2.2, obtain the equality (5.27).
24) According to the equality (4.21") and Definition 2.4, for every x& (-00,-1)\U(1,+00),
1 1 1

(1) ch(th'x)=

1-th*(cth™x) | _ 1 1
cth?(cth™'x) x?

(1) ch?(cthx)=

X1
From the equality (1) and Definition 2.2, obtain the equality (5.28).
25) According to the equalities (3.1) and (4.21") (ot to the equality (2.5)), for every x€(0,1),
1

sch?(sch™'x)’

(1) ch?(sch'x)=
ie.
1
(2) ch¥(schlx)=—-.
X

From the equality (2), according to Proposition 3.1, point 34) and to the equality (2.2), obtain the equality
(5.29), and, according to Proposition 3.1, point 35) and the same equality (2.2), obtain the equality (5.29").
26) According to the equalities (3.1) and (4.22") (ot to the equality (2.6)), for every x& (-00,0),
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1

1 shzcsh_1’x=—,

(1) sh¥eshy ) csh?(csh;'x)
ie.

2) ch2(csh [ x)-1=—

(2) ch?(csh, X)—l—?.

From the equality (2), according to Proposition 3.1, point 37) and to the equality (2.2), obtain the equality
(5.30), and, according to Proposition 3.1, point 38) and the same equality (2.2), obtain the equality (5.30").
27) According to the first equality from (4.22), for every xR,

1
1) cth2(shix)-1=—
(B b= s
1
-1

ie.
1
(2) cthi(sh'x)=1+ X—2

14+x?

X2

From the equality (2) and Definition 2.4, obtain that:
2

(3) th2(shlx)= =5
1+Xx
so, the equality (5.31) holds.

28) According to the first equality from (4.21), for every xeR,

1
1) 1-th?(chx)=———
(B )= s eh )
_ 1
X bl

ie.

1
@ ich =1

From the equality (2) and Definition 2.3, obtain the equality (5.32).
29) According to the equalities (2.3) and (2.4), for every xe (-00,-1)U(1,+0),

1
1) th(cth )= ——
D = et
_1
X’

therefore, the equality (5.33) holds.

30) According to the second equality to (4.21), for every xe(0,1),
(1) 1-th%(sch'x)=sch?(sch-!x)

=x2,

Le.
(2) th?(sch'x)=1-x2.

From the equality (2) and Proposition 3.1, point 34), obtain the equality (5.34), and from Proposition 3.1,

point 35), obtain the equality (5.34").

31) According to the equality (4.22"), for every x€(-00,0),
(1) cth’(csh;' x)-csh?(csh ' x)=1,

ie.:

(2) cth’(csh;  x)=1+x2,
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From the equality (2) and Definitions 2.3 and 2.4, it follows that:
1

th’(csh;'x)
whence, according to Definition 2.3 and to Proposition 3.1, point 37), obtain the equality (5.35). On the other

3) 1+x2

b

hand, according to the equality (4.22"), for every x€(0,+00),
(4) cth?(csh;' x)-csh?(csh | x)=1,
ie:
(5) cth(csh;' x)=1+x2
From the equality (2) and Definitions 2.3 and 2.4, it follows that:

1
6) ————— =1+x2
© th? (csh'x)
whence, according to Definition 2.3 and to Proposition 3.1, point 38), obtain the equality (5.35").
32) According to the first equality from (4.22), for every xeR",

1
1) cth’(shix)-1=—
(B b= s
1
-

ie.

1
@ chi(sh =1+

_1+x?
=
From the equality (2) and to Definition 2.4, obtain the equality (5.36).
33) According to the first equality from (4.21), for every x e (-00,-1)U(1,+00),

1
ch?(ch™'x)
1

20

X

(1) 1-th2(chx)-1=

ie.

(2) th2(ch''x)=1- X1—2

From the equality (2) and Definition 2.4, it follows that:

1 o x* -1
cth’(ch'x) X
Le.

Q)

>

2

(4) cth¥(ch'x)=——,
X" =1

whence obtain the equality (5.37).

34) According to the equalities (2.3) and (2.4), for every xe(-1,1),

1

1) cth(th!'x)=———
(D) cth(th) th(th™'x)
1

>

X
therefore, the equality (5.38) holds.
35) According to the second equality to (4.21"), for every xe(0,1),
(1) th?(sch'x)+sch?(sch'x)=1,



)

©))

“4)

)

)
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Le.

th?(sch'x)=1-x2

From the equality (2) and Definitions 2.3 and 2.4, it follows that:
1

cth?(schx)

Le.

=1-x2,

cth?(sch'x)= >
1-X

From the equality (4) and Proposition 3.1, point 34), obtain the equality (5.39), and from Proposition 3.1,
point 35), obtain the equality (5.39").

36) According to the equality (4.22"), for every x e (-0,0),

cth?(csh ;" x)-csh?(csh | x)=1,

Le.

cth?(csh Il x)=1+x2

From the equality (2) and Definitions 2.3 and 2.4, according to Proposition 3.1, point 37), obtain the equality
(5.40). On the other hand, according to the equality (4.22"), for every xe(0,+0),

(3) cth?(csh;' x)-csh?(csh " x)=1,

ie.

(4) cth’(csh, x)=1+x2,

From the equality (4), Definitions 2.3 and 2.4 and Proposition 3.1, point 38), obtain the equality (5.40").
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